INTRODUCTION
In this Part II of this series of papers we prove Theorem 3.1 which was stated in Part I. We continue the numbering of sections, however, we start anew the numbering of references.
In Section 7 we complete the proof of Theorem 3.1 under the additional Ž . condition 3.4 . In Proposition 7.1 we formulate a lower estimate for any Ž . solution of the basic equation 2.6 over any family of intervals J J m1 Ž . satisfying assumption 3.5 . This is done by applying the general Proposition 4.1 to such intervals. Similarly, in Proposition 7.2 we formulate lower Ž . estimates for any family of intervals J J satisfying assumption 3.7 . Finally, r Ž . combining Propositions 7.1 and 7.2 we arrive at conclusion 3.12 of Theorem 3.1. This completes the proof of Theorem 3.1.
In Section 8 we verify the approximate phase assumptions on J J without r Ž . the additional assumption 3.4 . For this purpose, we introduce a family of Ž . subintervals J J of the family of intervals J J satisfying assumption 3.7 . formulate Lemma 8.1. Similarly to Section 6, the main difficulty is to verify Ž . assumption 4.8 and the validity of this assumption is the statement of Ž . Theorem 8.2. Note that conclusion 6.9 of Theorem 6.2 with the comple-Ž . ments J J _ J J in place of the intervals J J yields conclusion 8.16 of of this adaptation of Lemma 6.5 is more technical than the previous one given in Lemma 8.4 and so, we give the proof of Lemma 8.6 in the Appendix. We conclude this section by verifying the approximate phase assumptions on the subintervals J J and we do this using the scaling m2 Lemma 5.3. In Section 9 we prove Theorem 3.1 without the additional assumption Ž . 3.4 . This short section is, essentially, a combination of Sections 7 and 8.
For the related question of Mourre estimates we refer to the book of w x Cycon, Froese, Kirsch and Simon CFKS . For the related property of absolute continuity for ordinary differential operators we refer to the many excellent research papers.
7. THE PROOF OF THEOREM 3.1 WITH THE Ž . ADDITIONAL ASSUMPTION 3.4
As a first step of the proof of Theorem 3.1, we formulate a version of Ž . conclusion 3.12 which involves only intervals J J and the approximate m1 phases over them. Ž . assumption 3.5 and for each g I I
Theorem 5.1 and the remarks before it show that the approximate phase Ž . of definition 3.6 satisfies the assumptions of the general Proposition 4.1 Ž . over any interval J J which satisfies assumption 3.5 . Then conclusion Ž .
Ž . Since we see from assumptions 3.1 and 2.2 that 2 ␤ y 2 F 0 and y 1 F 0, the previous constant ␥ is strictly positive. At the same time it Ž . follows that the lower estimate 7.3 holds for this constant.
Ž . Ž . Finally, inserting the lower estimate 7.3 into the lower estimate 7.2 Ž . we arrive at conclusion 7.1 of Proposition 7.1.
As a second step of the proof of Theorem 3.1, we formulate a version of Ž . conclusion 3.12 which involves only intervals J J and the approximate r phases over them. 
Ž .
Ž . According to Section 6 the approximate phase of definition 3.10 satisfies the assumptions of the general Proposition 4.1 over any intervals Ž . Ž . J J which satisfy assumption 3.5 . Then conclusion 4.9 with J J in place of r r J J, in place of and sup J J in place of yields the lower estimate Ž .
Ž . To prove this lower estimate, we apply conclusion 5.10 of the scaling Ž . Lemma 5.3 with s y1, s 3r2 and J J s inf J J , . Then using 1 2 r Ž . assumption 3.7 and the fact that the integrand is positive, we find ␦ y1 y1 3r2 2
An elementary partial fraction decomposition gives, 
Ž . To prove estimate 7.18 we integrate by parts, 
Next we show that
Ž . To see estimate 7.21 we differentiate definition 3.9 , use formula 5.5 and multiply the resulting formula by the absolute value of a p . This r 0 leads to the inequality
To estimate times the integral corresponding to the first term on Ž . Ž . the right of inequality 7.22 we apply estimate 7.17 to s y2, s 1 2 Ž . Ž . 3q␤ r2, s 1. Then using estimate 2.15 we find
To estimate the integral corresponding to second term on the right of Ž . Ž . inequality 7.22 we apply estimate 7.17 to s y2, s ␤, s 2. Ž . Then using estimate 2.15 we find
To estimate the integral corresponding to the third term on right of Ž . Ž . Ž . inequality 7.22 we combine formula 6.29 with estimate 2.15 . Then Ž . using conclusion 6.3 of Lemma 6.1 we find
. Application of estimate 7.17 to s y2 y 2, s 3r2 q ␤, s 1 q 1 2 3 Ž 2 shows that the second factor on the right is of the order of 1 q < 2y 2 ␤ <. log and so
Ž . As a third and final step of the proof of Theorem 3.1 we show that Ž . under the additional assumption 3.4 , Propositions 7.1 and 7.2 imply it. To Ž . see this, note that according to definition 2.1 in each closed interval of length at least 2rb the potential p has at least one zero. This fact allows 0 Ž . us to choose an interval J J which satisfies assumption 3.5 and is such
Then we see from definitions 3.10 , 3.9 , and 3.6
Next we claim that Ž . assumption 3.5 and the fact that the function y is increasing, we
We see from the previous estimate that the second factor on the left of Ž .
1y␤ Ž . estimate 7.28 is of the order of and so, estimate 7.28 follows and Ž . so does the asymptotic formula 7.27 . Thus the definition
gives an interval for which
Ž . Inserting the asymptotic formula 7.31 into conclusion 7.1 of Proposition 7.1 we find, with a possibly different constant ␥ the lower estimate
Ž . Since the intervals J J satisfy assumption 3.5 we see from definition m1 Ž . Ž . 7.30 that the intervals J J satisfy assumption 3.7 . Hence we can apply r Ž . conclusion 7.6 of Proposition 7.2 to them. Then using the lower estimate Ž . 7.32 we obtain, with a possibly different constant ␥ , Ž . Ž . Ž . Then we see from formula 6.6 and from definitions 6.4 and 2.14 that the function a has a pole at the point y1 r2
. Combination of this fact r b Ž . Ž . with definitions 3.10 and 3.9 yields our claim.
To treat this difficulty we define a family of ''middle''-intervals centered around this pole. More specifically, first we use the additional assumption Ž .
Ž . 8.1 and definition 8.2 to choose a number d so that Ž . J J. This is conclusion 8.7 of the following Lemma 8.1. We use conclusion r Ž .
Ž . Ž . 8.6 to prove conclusion 8.7 as well as to verify assumption 4.8 . Note Ž . Ž . that conclusion 8.6 is a weaker version of conclusion 6.2 of Lemma 6.1 inasmuch as its bound is not uniform in . Ž .
We prove Proposition 8.3 similarly to the proof of Proposition 6.4. In the following lemma we show that Lemma 8.1 allows us to adapt Lemma 6.5 to the complements J J _ J J . Ž .
3
Then, for each g R R q as ª ϱ,
Ž . Ž .
To prove Lemma 8.4 we employ the factorization q y . Hence, q 1 1 3 Ž 1 y ␤ .y1r2 2 y 2 Ž. To estimate the integral corresponding to the second term on right of Ž . Ž . inequality 8.26 we apply estimate 8.24 to s y5r2, s ␤, s 2. Ž . Then using estimate 2.15 we find
To estimate the integral corresponding to the third term on right of Ž . Ž . Ž . inequality 8.26 we combine formula 6.29 with estimate 2.15 . Then Ž . using conclusion 8.7 of Lemma 8.1 we find
shows that the second factor on the right is of the order of 8q 7␤ and so, Then we find
Ž . 
¢ q s y1, s 1. Ž .
Since the proof of Lemma 8.6 is more technical, we do it in the Appendix.
We complete the proof of Proposition 8.3 by repeated applications of Ž . Ž . Lemma 8.4. To prove conclusion 8.37 recall the proof of conclusion 8.19 Ž . of Proposition 8.3, which shows that conclusion 8.37 is implied by the Ž . following sharper version of estimate 8.31 : Ž . and so, we can choose s ␦ in the lower estimate 9.9 . Hence the lower Ž . estimate 9.5 follows.
Ž . We have also seen in Section 8 that function of definition 3. Ž . and so, conclusion 3.12 follows. That is to say we have removed the Ž . additional assumption 3.4 in the proof of Theorem 3.1.
APPENDIX. PROOF OF LEMMA 8.6
For brevity we prove Lemma 8.6 in the general case of q / y1 1 3
and / 1 only. The exceptional cases follow by minor adjustments. We Ž . Ž . We see from definitions 9.1 and 2.14 and from assumption 3.7 that Ž . estimate A.1 is implied by 
